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Abstract 
The controlling of robotic arm is really challenging due to the involvement of various uncertainties such as- time varying 
payload, friction and disturbances. These challenges attract many researchers to develop advanced control strategies for robot 
arm. However, most of the developed controllers focus on time invariant uncertainties. This paper presents the formulation of a
new Sliding Mode Control- Function Approximation Technique (SMC-FAT) based adaptive controller for a robot arm carrying 
unknown time-varying payload with the presence of time-varying disturbance and friction. The limitation of previous controllers
to cope up with wide range time-varying uncertainty is solved using FAT expression. The stability of the controller can be proven
by selecting a proper Lyapunov function and the update law can be derived easily. Three different time-varying uncertainties in
sinusoidal, sawtooth and random functions have been considered as the payload and disturbance in the computer simulation to 
evaluate the controller’s performance. The results with error less than 0.02 percentages proved the effectiveness of the proposed 
controller.
© 2015 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of organizing committee of the 2015 IEEE International Symposium on Robotics and Intelligent 
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1. Introduction 
The trajectory control of robot arm in carrying constant and time varying load especially in service robot and 
industry fields is important. The amount of changes in the load may not be known in advance. For instance a service 
robot in a restaurant is used for different purposes such as to pour water; to grasp a cup in which the payload can 
change with time and the weight of the object might not be known beforehand. In these applications the robot arm 
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needs to carry time varying payload with the inclusion of disturbances and friction. These uncertainties necessitate 
the design and formulation of a proper controller to drive the arm effectively.  
Formulation of control law dealing with various uncertain systems has gained huge interest of many researchers 
in last few decades. Majority of these controllers include nonlinear robust control method like adaptive control, 
robust control, passivity based control, Lyapunov stability based robust control, sliding mode control (SMC), 
combination of adaptive and sliding mode control. Some researchers1-3 wrote that the control of systems with 
unknown parameters may be solved by using adaptive or robust control philosophy. It is well known that adaptive 
controller is capable of catering systems with constant uncertainties. However, for the systems with unknown time-
varying uncertainties, adaptive controller requires the computation of regressor matrix in order to express the robot 
dynamics in a linearly parameterized form. However, in some cases such as in the time-varying disturbances, it is 
difficult to represent the uncertainties in a linearly parameterized form.  
An alternative to deal with uncertainties is the implementation of sliding mode controller. It is used due to their 
ability in dealing uncertainties, design simplicity, quick response and slight tracking error. However, in the case of 
time dependent uncertainties, this controller requires the variation bounds of time-varying uncertainties. To solve 
this problem many researchers proposed a combination of adaptive and robust control based technique. Meysar 
Zeinali and Leila Notash4 proposed a non-linear robust adaptive control method. It contains three main parts: the 
approximately known inverse dynamic model output as a model-base portion of the controller; an estimated 
uncertainty term to compensate for the un-modeled dynamics, external disturbances, and time-varying parameters; 
and a PID type controller as a feedback portion to enhance closed-loop stability and improve transient performance. 
However, their control law is limited for the uncertainties that are arbitrarily large and slowly varying with time 
only. Chein and Huang5 designed a regressor-free adaptive controller for electrically driven robots and the controller 
successfully drives the robot to follow the desired trajectory. Nevertheless, they didn’t consider time varying 
disturbance in the formulation. Yang6 proposed a robust adaptive tracking controller for manipulators, but their 
calculation has to be done offline. T. Sun et al.7 developed an adaptive controller for robot manipulators with the 
help of Neural network based sliding mode, but their controller’s better performance is limited for slow motions 
where the observers estimation errors have converged to zero.  
Function Approximation Technique (FAT) can be introduced to deal with the limitations of the robust adaptive 
controller in catering time varying uncertainties. It has the capability to deal with wide range of non-constant 
uncertainties. Ming-Chih Chien and An-Chyau Huang8,9 proposed a Function Approximation Technique (FAT) 
based regressor-free adaptive controller for time varying plant model uncertainties. Shuang Cong et al.10 developed 
FAT based sliding mode adaptive controller to deal with time-varying uncertainties. However, they considered only 
friction as the uncertainty.  
In this paper, a new Function Approximation Sliding Mode Adaptive controller (FASMAC) is designed for a 
robot hand which can carry unknown time-varying payload under unknown disturbances and friction. The derivation 
of the FAT based update law concentrates on the uncertainties coming from these three factors. The control law is 
proven by Lyapunov Stability theorem. The simulation results for three different time varying uncertainties are 
presented to illustrate the effectiveness of the proposed controller. 
This paper is organized as follows, the dynamic model of the 3 –DOF robotic arm are described in section 2, the 
formulation and the stability proof of the SMC-FAT based adaptive controller is illustrated in section 3 and 4 
respectively. The results of the simulation and conclusions are discussed in section 5 and 6 respectively. 
2. Dynamic model of a 3-dof robotic arm 
The dynamic model of an N degree of freedom (DOF) robotic arm without considering the friction and disturbances, 
can be represented using Lagrange equation as 
),()(ˆ)),(()()),(()( ]TT]TT]T GVtDttMtT                               (1)
where TT , and T are the 1uN vector of joint angular position, joint angular velocity and joint angular 
acceleration respectively, ),( ]TM  is the NN u symmetric positive definite inertia matrix, ),( ]TD  is the 
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NN u vector of Coriolis and  Centrifugal torques, ),( ]TG  is the 1uN vector of gravitational torque, ] is the 
payload mass carried by the manipulator and T   is the 1uN vector of control input torque from the actuators.  
The integrated model of a 3 DOF robot manipulator, taking into account both the mechanical linkages of the robot 
and the electrical motors can be written as 
)()( tBUtAXX                               (2) 
where A and B are the non-zero nonlinear matrices. The complete details of A and B matrices can be found in the 
Osman11. Considering the friction and disturbances, the dynamic model of a 3-DOF robotic arm can be represented 
as
)()sgn(),()(ˆ)),(()()),(()( tdVFGVtDttMtT cci  T]TT]TT]T                      (3) 
Where Fci is the coulomb friction coefficients and Vci is the viscous friction coefficients and )( td  is the unknown 
external disturbances.  Then the integrated model of a 3-DOF robot manipulator in Eq.(2) can be modified as- 
)()()( tdtUBtXAX FFF                                   
(4) 
AAA F '                                                                                                                                                    (5) 
BBB F '                                                                                                                                                   (6) 
where, A and B are nominal values, A' and B' are unknown terms of AF and BF respectively, which contains 
the time varying uncertainties, including the payload Lm  and friction ciF and ciV .
Let, the uncertainties can be represented as FAT representation: 
where, )()()()( tdtButAXtWZ ''  H                                                                                              (7) 
An excellent property of (7) is its linear parameterization of the time-varying uncertainty into a time-varying basis 
function )( tZ and a time invariant co-efficient vector W, )( tZ is known while W is an unknown time invariant 
constant vector10 and H is the approximation error. 
The estimation of the uncertainties can be represented as )(ˆ tZW ; where, Wˆ is the approximation ofW .
The approximation error between the estimated and actual range can be written as:  
WWW ˆ~                                                                                                                                                          (8)
      
3. Controller Design 
In this section, an FASMAC strategy composed of a sliding mode control and adaptive control with FAT 
approximation technique is designed for the robot manipulator for trajectory tracking. The FAT is applied for 
representing the time-varying uncertainties and the theory of sliding mode control is chosen due to its robustness. 
The details of FASMAC design will be given in this section. Firstly, a standard proportional integral sliding 
surface )( tS is chosen in this study, where, 
2
1 2( ) 2 .S t e e d tO O  ³ (9)
)( tS is a 1un vector, O is an nnu diagonal positive definite matrix, and dXXe  dXXe    are the  
tracking error vector and the rate of error vector, respectively. Vector X and
dX  are the desired and measured state 
variables, respectively. 
The proposed control law can be written as- 
00
1111 ˆˆ)()( DKBZWBKSBXAXBtU r
                         (10) 
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The first term of Eq.(10) also known as equ , is for the approximately known nominal system )( tUBXAX  
in the absence of the disturbances. From Eq.(9), the derivative of the )( tS can be described as 
eetS 2212)( OO                                                                                                                      (11)            
Substituting 
dXXe  into Eq.(11) 
)
2
(2)(
1
2
2
1 O
OO  dXXtS  (12)
Eq.(12) can be simplified as 
)(2)( 1 rXXtS   O (13)
Now, substituting )( tuBXAX   from Eq.(4) into  Eq.(13), 
0))((2)( 1   rXtuBXAtS  O                                                                                (14) 
The second term of Eq. (10) 1B K S  is called PIu , is necessary to enhance the close-loop stability and improve the 
transient performance. K is a diagonal positive definite constant matrix. The third term of Eq.(10), 1 ˆB W Z
functions as to compensate all the time-varying uncertainties and is defined as based on the estimated unknown, and 
the fourth term, 1
0 0ˆB K D
  is to eliminate the approximation error, where
0K is a diagonal positive definite 
constant matrix and 
0D is the upper bound of )( tde  . The stability analysis and the update law of the proposed 
controller are presented in next section.  
4. Stability Proof 
To proof the robustness and the stability of the proposed controller, a Lyapunov like function is chosen as 
03021
~~
2
1~~
2
1
)(
2
1 DKDKK  WWtSSV TT              (15) 
Taking the time derivative of Eq. (15), yields, 
03021 ˆ
~ˆ~)( DKDKK   WWtSSV TT                (16) 
Now substituting the value of )( tS from Eq. (11) into Eq.(16) gives 
0302
2
211 ˆ
~ˆ~)2( DKDKOOK   WWeeSV TT               (17) 
Substituting the term
dXXe   in Eq. (17) gives    
0302
2
211111 ˆ
~ˆ~22 DKDKOKOKOK   WWeSXSXSV T
T
d
TT             (18) 
Replacing )()( tBUtAXX   in Eq.(18) yields  
0302
1
2
2
1111 ˆ
~ˆ~)
2
(2))()((2 DKDK
O
OKOOK   WWeXStBUtAXSV Td
TT                                                       (19) 
Using Eq.(4) ,(5)and (6), Eq.(19) can be written as- 
1 1 1 1 2 0 3 0
ˆ ˆ2 ( ( ) ( ) ( ) ) 2T T TrV S A X t B U t A X B u d t S X W WK O O K K D K D   '  '    
           (20)  
The summation of the uncertain elements can be written as HWZ , where İ is the approximation error in the 
FAT expression. Substituting this in Eq. (20),   
03021111 ˆ
~ˆ~2))()((2 DKDKKOHOK   WWXSWZtUBtXASV Tr
TT                         (21) 
Substituting the proposed control law, )( tU from Eq.(10) in Eq.(21), V becomes, 
1 1 1 1 2 1 0 0 1 1 0 0 1 1 0 3 0
ˆ ˆ2 2 2 2 2T T T T T T TV S K S S W Z W W S K S K SK O K O K K O D K O D K O H D K D                  (22) 
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1 1 1 1 2 1 1 0 0 0 1 1 0 3 0 1 1
ˆ ˆ2 (2 ) 2 (2 ) 2T T T T T TV S KS W S Z W S K S K SK O K O K K O D D K O K D K O H                                (23) 
Choosing the update law    
2
112ˆ
K
OK ZSW
T
   and   
3
011
0
2
ˆ
K
OKD KS
T
 , V can be written as-                                          
1 1 1 1 0 02 2 ( )
T TV S K S S KK O K O D H                                                                                                                (24) 
Using Barbalat’s Lemma,  
001111 22 DOKOK KSKSSV
TT d                                                                                                                (25) 
Since 0 , 0 .V V! d Therefore, ( ) 0S t o and 0oe as 0 .t o 0321 ,,, KKKK are the real positive constants.
5. Simulation Results 
The purpose of the simulation studies is to evaluate the performance of the proposed controller and to analyze its 
adaptability and robustness with regards to various uncertainties including time-varying payload, friction and 
external disturbances. The simulation has been conducted for three different cases of uncertain time-varying payload 
and disturbances, and unknown friction for a 3-DOF robot manipulator. The numerical values of the mechanical 
linkages parameters including length, moment of inertia, center of gravity and electrical motor such as resistance, 
inductance, torque constant can be found in Osman11.
       
(a)                                                                                              (b)                                                            
(c) 
Fig. 1. Tracking perfomance of the proposed controller when the pay load and disturbance is considered as time varying sine function  
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(a)                                                                                                            (b) 
(c) 
Fig. 2. Tracking perfomance of the proposed controller when the pay load and disturbance is considered as time varying sawtooth function       
              (a)                                                                                      (b)
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(c) 
Fig. 3. Tracking perfomance of the proposed controller when the pay load is random time varying and disturbance is considered as gaussian
noise 
The position response of the manipulator for the first case is shown in Fig.1, which shows three different graphs. 
Here the Fig.1 (a)-(c) display the comparison between desired and actual trajectory position for joint 1, 2 and 3 
respectively and the results are observed for conventional adaptive SMC and proposed adaptive FAT-SMC 
controller. It is clearly observed in each figure that the performance of the proposed controller is very accurate and 
performs much better than the convention SMC controller for all three joints. The payload mass and disturbance is 
considered as time-varying sine function, where, tSinm L 55.45  and disturbance is assumed as 
tSintd 55.4)(  ; the amount of friction torque considered for joint 1 is FC1= 20 Nm, for joint 2 is FC2= 10 Nm 
and for joint 3 is FC3= 20 Nm. In Fig.1 the controller parameters are tuned as Ȝ1=273, Ȝ2=1, Ș1= Ș2=1 and K= 337. 
From Fig.1, it can be seen that the actual position trajectory has successfully followed the desired trajectory under 
the proposed control law. The maximum tracking error in this case is 0.03 percentage.
In the second case, the controller is tested under unknown time varying sawtooth payload and disturbance with an 
of amplitude 4.5 and frequency 6. The amount of friction torque considered for joint 1, 2 and 3 is FC1= 20 Nm, FC2=
10 Nm and FC3= 20 Nm. The controller parameters are set to be Ȝ1=273, Ȝ2=1, Ș1= Ș2=1 and K= 209. Fig.2 shows the 
position response of the robotic arm under the second case. It can be seen that the robot tracks the desired trajectory 
accurately in all the three joints under the proposed FAT-based adaptive SMC, whereas the robot fails to follow the 
desired trajectory under the conventional adaptive SMC. In the third case, the controller has been tested with 
random time-varying payload and noise disturbance with average=4 and variance=6, and friction torque of FC1= 20, 
FC2= 5 and FC3= 2 Nm for joint 1, 2 and 3 respectively. The controller parameters for case 3 are as Ȝ1=50, Ȝ2=1, Ș1=
Ș2=1 and K= 430.5. The simulation results in Fig. 3 also illustrates that the controller is robust against the unknown 
friction and time-varying uncertainties in the payload and disturbances where the tracking error is less than 0.02 
percentage compared to the conventional SMC controller without any function approximation technique.  
In all of the cases, the actual position follows the desired trajectory accurately, with the maximum tracking error 
is 0.02 percentage. The controller simulation results verified that the controller is effective in providing the position 
tracking for the robotic arm in spite of the various time-varying uncertainties in the payload, disturbances and 
frictions.  
6. Conclusion 
In this paper, a new control method, SMC-FAT base adaptive controller for robot manipulators has been 
formulated. The proposed method is robust with respect to time- varying uncertainties, which are the payload mass 
and disturbances. The simulation results prove the effectiveness of controller with maximum 0.02 percentage error. 
Future work involves the improvement of the study under controller computational time and experimental hardware 
tests.
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